Abstract.
In this paper, the dynamics for the system of polytropic viscous ideal gas is investigated. One of the important features of this problem is that the metric spaces H^ and H^ that we work with are two incomplete metric spaces, as can be seen from the constraints 0 > 0 and u > 0 with 6 and u begin absolute temperature and specific volume, respectively.
For any constants 0i, (h, @3,04,05 satisfying certain conditions, two sequences of closed subspaces H^ C H(i) (i = 1,2) are found, and the existence of two maximal (universal) attractors in and is proved.
1. Introduction. This paper is concerned with existence of maximal (universal) attractors for the system of one-dimensional polytropic viscous ideal gas. The referential (Lagrangian) form of the conservation laws of mass, momentum, and energy for this kind of gas with the reference density po = 1 can be written as follows (see [8] First, let us recall that the results on global existence, uniqueness and asymptotic behaviour of solutions to problem (1.1)-(1.5) have been established in [8] , [11] ; see also [7] , [5] , [1] and the references cited there.
In this paper, we would like to further study the dynamics of problem (1.1)-(1.5), namely, we want to prove the existence of maximal (universal) attractors.
Before stating and proving our results, let us first explain some mathematical difficulties in studying the dynamics of this problem.
First, from physical reasons, the special volume u and the absolute temperature 6 must be positive for all time. These constraints give rise to some severe mathematical difficulties. For instance, we must work on incomplete metric spaces and H^2\ H^ C H^\ with these constraints. The nonlinear semigroup S(t) defined by problem (1.1)-(1.5) maps each and H^ into itself. It is clear from equations (1.2)-(1.3) that we cannot continuously extend the semigroup S(t) to the closure of H{1%> and H [2) . Notice the following significant differences between the study of global existence and the study of existence of a maximal attractor:
for the study of global existence, the initial datum is given while for the study of existence of a maximal attractor in a certain metric space, the initial data are varying in that space. Since the maximal attractor is just the uj-limit set of an absorbing set, the requirement on completeness of spaces is needed. To overcome this severe mathematical difficulty, we restrict ourselves to a sequence of closed subspaces of and H{2^ (see the definition below). It turns out that it is very crucial to prove that the orbit starting from any bounded set of this closed subspace will reenter this subspace and stay there after a finite time, which should be uniform with respect to all orbits starting from a bounded set; otherwise, there is no grounds for talking about the existence of an absorbing set and maximal attractor in this subspace. The proof of this fact becomes an essential part of our paper. Secondly, two quantities, i.e., the total mass and energy, are conserved. Indeed, if we integrate the first equation (1.1) with respect to x and t and exploit the boundary conditions, we will end up with f u(x,t)dx -( uo(x)dx, Vt > 0.
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Next, if we multiply (1.2) by v, and integrate the resultant and also the third equation with respect to x and t, then add together, we finally get
These two conservations indicate that there can be no absorbing set for initial data varying in the whole space. Instead, we should rather consider the dynamics in a sequence of closed subspaces defined by some parameters. In this regard, the situation is quite similar to that encountered for the single Cahn-Hilliard equation in the isothermal case (see [18] ) and the coupled Cahn-Hilliard equations (see [14] ). Therefore, one of the key issues in the present paper is how to choose these closed subspaces. Finally, (1.1)-(1.3) is a hyperbolic-parabolic coupled system. It turns out that in general the orbit is not compact.
In order to prove the existence of a maximal attractor by the theory presented in [18] by Temam, we have either to show the uniform compactness of the orbit of semigroup S(t) for large time or to show that we can decompose S(t) into two parts, Si(t) and S2(t), with S\ being uniformly compact for large time and S2 going to zero uniformly. Since equations (1.1)-(1.3) is a hyperbolic-parabolic coupled system, the orbit is not compact.
Moreover, since our system is quasilinear, the usual method of decomposition into two parts for a semilinear system (see [4] ) does not seem feasible. To overcome this difficulty, we will adopt an approach motivated by the idea in [2] .
From now on, without loss of generality we always assume that Cy = R = n = K = 1. Clearly, H^ ' is a sequence of closed subspaces of (j = 1,2). Later on we will show that the first three constraints are invariant. However, the last two constraints are not invariant. These two constraints are just introduced to overcome the difficulty that the original spaces are incomplete. As mentioned before, it is very crucial to prove that the orbit starting from any bounded set of will reenter after a finite time. We are now in a position to state our main theorem. The notation in this paper will be as follows: Lp, 1 < p < +00, Wm'p,rn € N, H1 = Wx'2,Hq = Wq'2 denote the usual (Sobolev) spaces on (0,1). In addition (,) stands for the inner product in L2, and || ■ ||s denotes the norm in the space B; we also put || -|| = || ■ ||L2. We denote by Ck{I, B), k G No, the space of A;-times continuously differentiate functions from ICR into a Banach space B, and likewise by LP(I,B), 1 < P < +00 the corresponding Lebesgue spaces. Subscripts t and x denote the (partial) (i) derivatives with respect to t and x, respectively.
We use Cq , i = 1,2, to denote the universal constant depending only on the Hnorm of initial data and min^oa] uq(x). C/3 denotes the universal constant depending only on Pi (i = 1,..., 5) but independent of initial data. Cp ' denotes the universal constant depending on f3j (j -1,2,3,4,5), the H(i) norm of initial data, and min^^i] uq(x).
2.
Nonlinear semigroup on H(2K As mentioned in the previous section, for any initial data (uo, Vq, 9q) G H^l\ the results on global existence, uniqueness and asymptotic behaviour of solutions to problem (1.1)-(1.5) have been established in [8] , [11] . More precisely, we have Lemma 2.1. S(t) defines a nonlinear Co-semigroup on such that for any (uq,vo,6o)
Now we have Theorem 2.1. S(t) defines a nonlinear Co-semigroup on H^2\
Proof. The proof of Theorem 2.1 is divided into a series of lemmas. 
Proof. See, e.g., [12] . □ we have to prove that the orbit starting from any bounded set in will reenter Hâ fter a finite time which should be uniform with respect to all orbits starting from that bounded set. Proof. See, e.g., [11] , [16] . □ 
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Proof. See, e.g., [11] , [16] . □ C0 -CpMu(t)V(t) < 6(x, t)<C0 + C0Mu(t)V(t In what follows we will use a contradiction argument to prove that
In fact, if the above assertion is not true, then there exists a sequence of solutions 
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Noting the asymptotic behaviour of 6 in Lemma 2.1, Lemma 3.1, and (3.27), in the same manner as in the proof of (3.19), we can easily derive (3.23). □ Lemma 3.5. For initial data belonging to a bounded set of H^\ there is to > 0 depending only on boundedness of this bounded set such that for all t. > to, x £ [0,1], y < 9{x, t) < 2/32, ^ < u{x, t) < 204. This contradicts (3.29) and (3.2). In the same way, we can derive other parts of (3.28). Thus the proof is completed. □ It follows from Lemma 3.1 and Lemma 3.5 that for initial data belonging to a given bounded set of H^\ the orbit will reenter H^l) after a finite time. In what follows we are going to prove that there is an absorbing set in
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Be Bp Proof. From Lemma 3.1 and Lemma 3.8 we deduce that for any initial data belonging to a bounded set with ||(wo, vq, 0o)||//(d < B, there is t\ depending on B and f3 such that when t > ti, \\(u,v,e)(t)\\2HW = ||u(t)||/ri + \\v(t)\\2Hl + \\0(t)\\m < 2(u2 + 62 + ||u -u\\2Hi + ||v||^i + ||0 -0\\2hi) <2((32 + (32) + C0,B{P)e-at <Rl Thus, the proof is completed. □ 4. Existence of absorbing set in Hp . In this section we are going to prove (2) existence of an absorbing set in Hp . Throughout this section we always assume that the initial data belong to a bounded set in Hp , i.e., ||(ito,fo, < B with B being any given positive constant. We first obtain the uniform estimates on H2 norms of v and e. 
E(u, v, S) = -+ e(u, S) -e(u, S) --(«, S)(u-u)~-(u, S){S -S)
Remark 5.1. If we take B to be a bounded set in H\ , we can also define w(B) by (5.1) and when B is nonempty, lj(B) is also included in B2l nonempty and invariant. Since B2 is an absorbing ball, it is clear that u(B) C lj(B2). This shows that u>(B2) is maximal in the sense of inclusion. Moreover, it is the maximal set in the sense of inclusion that satisfies (5.4), (5.5), and (5.6).
Proof. The proofs of Lemma 5.1 and Theorem 5.1 exactly follow the same argument as described in [2] , pp. 387-389, using the facts that S(t) is continuous in Hj?\ H$\ respectively, HP is compactly imbedded in Hp, and B2, B\ are absorbing balls in H{^\ Hp , respectively. □ Following [6] we also call A2^@ the universal attractor of S(t) in Hp. In order to discuss the existence of a universal attractor in Hp, we first prove the following lemma.
Lemma 5.2. For every t > 0, the mapping S(t) is continuous on bounded sets of Hp for the topology of the norm in L2 x L2 x L2.
Proof. Let (uQi, VOil ^Oi) ^ Hp (2 -1,2), ||('U0j,^J0i>^CH)||/f1 -R (^ = L2), = S(t)(u0i, v0i, 0Oi), and (u, v, 0) = (ui, vi, 6>i) -(u2, v2,02). Subtracting the corresponding equations (1.1)-(1.3) satisfied by (ui,Vi,9i) and (u2,v2,d2), then multiplying the where Cr is a positive constant depending also on R. Then the assertion of this lemma follows from the Gronwall lemma. □ Now we can again exactly follow the same argument as in [2] On the contrary if we knew that A\.p is bounded in H^2\ then the opposite inclusion would hold.
